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Time-Domain Electromagnetic Fields Radiating
Along the Horizontal Interface Between Vertically

Uniaxial Half-Space Media
Won-seok Lihh, Member, IEEE, and Sangwook Nam, Member, IEEE

Abstract—At the horizontal interface between vertically uniaxial
half-space media, the propagation of electromagnetic fields is the-
oretically investigated for an interfacial impulse current source of
infinitesimal size. For the electric field, the problem divides into
the horizontal source and horizontal receiver (HH), vertical source
and vertical receiver (VV), horizontal source and vertical receiver
(HV), and vertical source and horizontal receiver (VH) cases. Em-
ploying the interface scheme of the Cagniard-style analysis, the
solutions of the HH and VV cases are obtained in exact explicit
forms. The solutions of the HV and VH cases cannot be expressed
in integral-free forms, but the impulse components implicit in the
integral solutions can be analytically extracted without the aid of
the frequency-domain asymptotic techniques. Investigation is also
made of the magnetic field and of the variation of waveforms when
the receiver is taken a little off the interface. The uniaxial case is
a generalization of the isotropic case, affording richer information
of the wave physics.

Index Terms—Anisotropic media, dielectric interfaces, electro-
magnetic transient propagation, time-domain analysis.

I. INTRODUCTION

THE wave reflection at a planar interface has been a clas-
sical topic of continued interest in the time-domain anal-

ysis of stratified structures. Depending on the physical aspect of
the media, the wavefields can be electromagnetic [1, Sec. 5.5],
[2, Ch. 4], [3]–[5] or acoustic/elastic [6, Ch. 6], [7]–[10]. The
case in which the wave source is placed exactly at or infinites-
imally close to the interface is a special case of the reflection
problem. For a time-harmonic interfacial dipole, in the electro-
magnetic case, the spherical space wave has a far-field null along
the interface [11], [12].

To obtain the dominant fields near the interface null, one can
perform an asymptotic analysis for the lateral-wave components
(of the head-wave type or not) contributed by the branch-line in-
tegrals in the wavenumber (or complex angle) domain [1, Sec.
5.5], [2, Sec. 2.6.1], [13]. The time-domain fields at the inter-
face are then approximated by the transient counterparts of the
lateral-wave components. For more detailed description at the
interface, however, the branch-line integrals need to be analyzed
more thoroughly, being directly evaluated in terms of elemen-
tary functions if possible. The simplest case of the transient elec-
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tromagnetic fields is the one for lossless isotropic media [4],
[14]–[17].

To be studied in this paper is the interface problem for uniax-
ially anisotropic media. The upper and lower half-space media
are lossless and uniaxial with the symmetry axis normal to the
horizontal interface. More generalized solutions are obtained
than in the isotropic case, since the uniaxiality imposes dif-
ferent wavespeeds on the “tangential-electric” (TE) and “tan-
gential-magnetic” (TM) waves at the interface. The horizontal
source generates both the TE and TM waves, while the vertical
source generates the TM wave only. The uniaxial case reveals
the dependence of a field on the horizontal and vertical permit-
tivities. Either of the media or both can be made isotropic by
setting these permittivities equal. For detailed knowledge of the
wave propagation, the authors are concerned with the electric
( ) and magnetic ( ) fields rather than the modal or potential
Green’s functions.

Among the various analytical studies [4], [10], [14]–[19], the
authors adopt the scheme of [16], which can be regarded as an
interface version of the Cagniard’s method [20] or de Hoop’s
later modification [21]. De Hoop’s approach is free from the
catalytic use of the special functions such as the Hankel and
modified Bessel functions; hence it might appear that the spe-
cial functions used in this paper are redundant. However, the
authors will not avoid using them, in order to see the formula-
tional similarity and difference between the horizontal source
and horizontal receiver (HH) and vertical source and vertical
receiver (VV) cases on the one hand and the horizontal source
and vertical receiver (HV) and vertical source and horizontal re-
ceiver (VH) cases on the other. In addition, the authors will use
the wavenumbers (as the transform variables) rather than the
slowness or angle parameters, for better compatibility with the
spatial differentiations.

The fields are solved in exact explicit forms for the HH
and VV cases, while remaining in single-integral forms for the
HV and VH cases. Even in the HV and VH cases, the impulse
component implicit in an integral solution can be analytically
extracted as the early-time singularity, without the aid of the
asymptotic analysis in the frequency domain (though there may
be some equivalence). The impulse components are worthwhile
in their own right as conspicuous singularities in the time-do-
main waveforms, whether or not in the far zone. The fields
can be obtained by adapting the procedures for the fields.
There is no need to express the solutions in different forms de-
pending on the relative values of horizontal and vertical permit-
tivities (of the upper and lower media). This is an improvement
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Fig. 1. The interface problem for vertically uniaxial media: (a) the HH case;
(b) the VV case; (c) the HV case; and (d) the VH case. The horizontal source
can be assumed to be x-directional without loss of generality.

on the previous acoustical analyses [8], [10] in which the inter-
face solutions are derived casewise depending on the values of
the wavespeeds in the fluid media (for a given density ratio).

The interface solutions are solved in Section III, and there
follows a section discussing the relation between the leading
impulse components of the interface solutions and the lateral
head waves (Section IV). The Poynting vectors determined by
the leading impulse components make critical angles with the
vertical axis. Due to the uniaxiality, the critical angle of the TM
wave is not equal to that of the TE wave. Section V discusses
the deformation of waveforms when the receiver is taken a little
off the interface, in connection with the spherical space waves,
the head waves, and the unguided surface waves.

II. MAXWELL’S EQUATIONS IN FOURIER–LAPLACE (FL)
DOMAIN

The configurations of the interface problem are shown in
Fig. 1, where the source and receiver antennas are located ex-
actly at the interface or infinitesimally above or infinitesimally
below. The upper and lower media are uniaxially anisotropic
with positive real permittivities in the horizontal and vertical di-
rections: , , , and . The permeability is assumed
to be the free-space one ( ). Although the cases ,

, and make some denominator(s)
zero in the formulation, the analysis in this paper does not lose

its validity. These special cases can be handled by taking the
relevant limit(s) in the final expressions of the fields, or, more
preferably, by analogously applying the procedures in this
paper from the beginning.

A classical way of analysis is via the FL transforma-
tion and the Cagniard inversion into the physical (space
and time) domain [6, p. 190]. The Fourier plane trans-
form and the Laplace time transform are applied
to the Maxwell’s curl equations and

, assuming initial
quiescence. The conventions and

are adopted, where is real and positive. In the FL
domain is introduced the -rotation which relates the - and

-directional components of a vector field, say ,
to the - and -directional ones

(1)

where with . By
the composite transform and the -rotation, the curl
equations are decomposed into the TE wave equations

(2)

(3)

(4)

and the TM wave equations

(5)

(6)

(7)

where and

in the medium , with .
The wave solutions in the FL domain (and their counterparts
in the physical domain) are referred to as the TE and TM
waves, which can also be called the ordinary and extraordinary
waves, respectively. The -directional wavenumber of the TM
wave is not but (where is the anisotropy ratio

), while the wavenumber of the TE wave is ,
as can be noticed from (5) and (6) for the former and from (2)
and (3) for the latter.

III. DERIVATION OF INTERFACIAL FIELDS IN PHYSICAL

DOMAIN

Let the current source be excited by a Dirac signal .
In the HH and HV cases, the horizontal source can be as-
sumed to be -directional without loss of generality. The
horizontal source can be assumed to be located exactly at
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the interface, because its slight superjacency/subjacency does
not affect the amounts of excited fields. Hence, for the HH
and HV cases, one can assign [drop-
ping the formal unity factor 1 coulomb meter (C m)], where

and . Or, in the FL domain,
. A vertical source generates

different amounts of fields depending on whether it is located
above or below the interface. The fields of the subjacent source
are the ( )-scaled versions of those of the superjacent
source [see the last terms of (5) and (7)]. Hence, just let

for the VV and VH cases; or, in the
FL domain, .

A. The HH Case

In the HH case [Fig. 1(a)], the fields of interest are
the - and -directional ones. Solving (2) and (3) with

and solving (5) and (6) with
(and ), one can obtain the modal fields at as

(8)

(9)

where and with ;
here . The notation represents the -di-
rectional field (in the FL domain) generated by the -direc-
tional source. The mark indicates that the field under consid-
eration is not affected by the infinitesimal offset of the source
(or the receiver) from the interface. By (1), one can write

(10)

(11)

Adding (10) and (11) gives the full horizontal fields.
First, consider , of which the phys-

ical domain counterpart can be written as

(12)

The superscript indicates the inverse transform. The operator
is a variant of , acting on an -independent operand

(13)

where and where
for [22, p. 375]. Here

and are the Hankel and modified Bessel func-
tions, respectively, both being of the second kind and of order
zero. The integration contours and are the “Cagniard
paths” in the complex and planes, respectively.

For in (12) , one can write
where .

The path in this case is shown in Fig. 2. This kind of path,

Fig. 2. The integration path C for G(�js�=�) = �(� �̂ )=(s � ).

without the (horned) hyperbolic shape typical of a reflection/
transmission problem, is specific to the interface problem [16],
[23]. Now one can write

(14)

with , using the fact that
on in the first quadrant.

Employing the formula
[22, p. 1028] where is the unit-step function, one can cal-
culate the inverse Laplace transform of (14) as

(15)

where and . The inte-
gration variable has been changed from to through

and use has been made of

(16a)

(16b)

which is proven in the Appendix. The first case (16a) applies to
(15), since for . The second case (16b) is
for later use.

Replacing in (12) with gives the field . Cal-
culating these differentiations with (15), one can obtain the TE
part of the fields as

(17)

Here need not be larger than , that is, need not be
smaller than . Note that

where if and (2, 1) if .
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Next, consider , of which the phys-
ical domain counterpart is expanded as

(18)

where . By the procedure that
leads to (14), the part under summation becomes

(19)

where and . The
indices and are complementarily assigned; that is,
(1, 2 ) or (2, 1). When , the function is zero at the
(Sommerfeld) pole , around which the integration
has to be detoured from the real axis. However, there is no need
to take into account the residues of the pole, since they cancel
out in (18). Only the Cauchy principal value counts.

Changing the integration variable by
with , one can calculate (19) in the ordi-
nary sense or in the principal-value sense as

(20)

where , , and

The following formula has been used

(21)

where the function is given in (16). The product in
(20) is always positive for any that satisfies

, as can be reasoned from the observation

for . (Note that can be written as for
both 1 and 2.)

Replacing in (18) with gives the field . After a
straightforward but lengthy calculation for these differentiations

[with (20) for the part under summation in (18)], one can
obtain the TM part of the fields as

(22)

where . Here need not be larger than ,
that is, need not be smaller than . Note that

where if and (2, 1) if . It can
be noticed that in (22) cannot be zero for ,
since in does not lie between and . The
parameter divides the interval only externally, in
the ratio . In addition, is positive for any

. Hence, the last term of (22) cannot be singular,
provided that . When , the second term on
the right remains in the step function form while that last term
becomes the Dirac impulse

derivable by considering the time integral in the interval
. It is also worth noting that, when (i.e.,

), the sum of the second and last terms on the
right-hand side of (22) does not diverge but tends to

Now, adding (17) and (22) gives the final expressions for
and as

(23)
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where

Interchanging and in the expression of (or )
gives the field (or ). Note that the vertical permit-
tivities and do not affect the coefficients of the func-
tions but only the retardations and . From (23), the
longitudinal (radial) and transverse (azimuthal) fields are calcu-
lated as

(24)

With , one can obtain the HH-case
formulas in [24], for which the present parameter is positive.
Further setting gives the formulas for the isotropic
case, equal to (or consistent with) those in [4], [16], and [17].
The fourth term on the right-hand side of (23) determines the
static fields that remain after

Using (23), one can obtain realistic waveforms by the
time convolution ( ) with a smooth source signal .
Fig. 3 shows the waveforms of calculated
with the values in Table I, for where

. One can see the effect of the
uniaxiality on the impulse arrivals: the leading impulse near

in Fig. 3(a) separates into the impulses at
(or 57.8 ns) and (or 47.2 ns) in

Fig. 3(b) [or Fig. 3(c)], and the lagging impulse near 124.8 ns
separates into the impulses at (or 133.4 ns) and

(or 124.8 ns). The negative peak in Fig. 3(a)
and similar peaks in Fig. 3(b) and (c) are due to the last term
of (23).

The coefficients of the functions in (23) are proportional to
, like the coefficients of the “minor tremors” in the classical

elastic “three-dimensional problem” of [18]. All the step func-
tion terms are (or, can be regarded as) proportional to ex-
cept in some limiting cases. At the interface, there do not appear
the singularities in the sharpness of or
that suggest the spherical space waves (see Section V; is the
Hilbert transform). For the HH case, therefore, and for the VV

Fig. 3. The HH-case waveforms calculated by E 
 10 � (t)
at (x; y) = (10;10)m for (a) (" ; " ; " ; " ) = (1;1; 7; 7)" , (b)
(" ; " ; " ; " ) = (1;1:5; 7; 8)" , and (c) (" ; " ; " ; " ) =
(1:5;1; 8; 7)" . The positive peaks in (a) are the impulse components that
separate into those in (b) and (c) under uniaxiality. The negative peak in (a)
and similar (slow-decaying) peaks in (b) and (c) are not impulse components.

case in Section III-B, the interfacial far fields in the time do-
main are dominated by the impulse components, provided that
the source signal has a sufficiently short duration.

B. The VV Case

Explicit solutions are also available for the VV case
[Fig. 1(b)]. Because does not appear in (2)–(4), the TE fields
are not excited and there occurs no such phenomenon as the
wavefront separation into the TE and TM ones. Solving (5)–(7)
for (with and ), the vertical
fields in the physical domain [except at ] can be
written as

(25)

(26)

just above and just below the interface, respectively. The marks
and indicate the superjacency and subjacency, respectively, of
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the interfacial antennas. The field is
.

The expression in (25) can be expanded,
similarly as in (18), as

(27)

where the part can be replaced with

(28)

by the procedure that leads to (20). Carrying out a lengthy cal-
culation for in (25) with (27) and (28),
one can obtain

(29)

where . The third term on the right determines
the static field that remains after

The field just below the interface is obtained using (26).
Setting and gives the isotropic VV-case
formulas in [15] and [16]. A waveform is shown in Fig. 4, ob-
tained by the convolution for the values in the
last column of Table I. The conspicuous peaks near
and 57.8 ns are due to the and terms, respectively.
The decaying small peak just after 33.4 ns is due to the last term
of (29).

C. The HV Case

In the HV case [Fig. 1(c)], the fields are of the TM type

(30)

(31)

which can be obtained from (5)–(7) with (1). Here

and .
Consider in (30). The integral implied in the

part does not converge. The asymptotic quantity
has to be subtracted from the operand . This sub-
traction does not affect the field at , but is a step

Fig. 4. The VV-case waveform calculated by E 
 10 � (t) at
(x; y) = (10;0)m for (" ; " ; " ; " ) = (1:5; 1; 3:5;3)" . The conspic-
uous peaks near t = 33:4 and 57.8 ns are the impulse components, while the
decaying small peak just after 33.4 ns is not.

TABLE I
NUMERICAL VALUES FOR COMPUTATION OF THE E FIELD WAVEFORMS

for mathematical strictness [16]. Then the part in
(30) can be written as

(32)

where and .

Use has been made of (i) ;
(ii) the variable change ; and (iii)

[22, p. 375]. By
[25, p. 363], the field becomes

(33)

where

(34)

with the factors given by

(35)
. Here and

. The integrands for and
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are practically the same. The relation between and is
.

The expressions for and cannot be obtained in integral-
free forms, though one may write them in terms of the elliptic
integrals with extended range of modulus ( )

(36)

(37)

For example, in (35) can be expressed as

(38)

where and . The use of the elliptic
integrals is also found in seismological studies [19], [26, Sec.
7.6.4].

Unfortunately, the elliptic integrals do not give an immediate
insight into the wave physics. It is not a fruitful work to express
the derivatives of the elliptic integrals [related with in (33)]
in terms of -free expressions, even if it might be possible. It
is preferred to assume a smooth source signal and calculate
the waveform numerically by the convolution

(39)

where is evaluated using (35). Equation (39) involves a double
integration: one integral for the convolution ( ) and the other
contained in the expression of . Fig. 5(a) shows a waveform of
(39) with , calculated for the values in Table I.

Although an integral-free expression for is not avail-
able, the leading impulse component (at ) can be extracted
as follows. Consider (33), in which is equal to for

. Because and have finite values at
, the first-order derivative has no singularity at

but at most a finite jump (from zero) of amount

(40)

which is none other than the coefficient of in the wave-
form of . Then in (33) can be written as

(41)

Note that the extracted impulse component is proportional to
. This component is important in connection with the lateral

Fig. 5. The waveforms of the HV case. (a) Waveform of
E 
 10 � (t) obtained from (39) at (x; y) = (10;0)m for
(" ; " ; " ; " ) = (1:5; 1; 3:5; 3)" . (b) Waveform of the analytically
extracted impulse component (dotted line) compared with the numerical
waveform in (a) (solid line).

head wave; see Section IV. Fig. 5(b) compares the waveform
of the impulse component (dotted line) against the numerical
waveform in Fig. 5(a) (solid line).

Now consider the waveform near . It turns out that

(42a)

(42b)

Upon a careful examination, one can find out that the main
trends of divergence in (42a) and (42b) are the same. Hence

[which has the second-derivative factor ] does not
possess an impulse component at . Instead,
diverges negatively for and positively for

; see the waveform near in Fig. 5(a). It can
be shown that this singularity is of the type , which
overwhelms another singularity of the type . Derivation
of these singularities is not presented due to space limitations.

Interchanging and in the expressions of and
gives the fields of the -directional source, and .

D. The VH Case

In the VH case [Fig. 1(d)], the field is horizontal and is
continuous at the interface except at . Solving
(5) and (6), the field components are written as

(43)
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with in Section III-B; here . Com-
paring these fields with those of the HV case, it can be noticed
that and . The impulse com-
ponents extractable from (43) are

from which the radial field is obtained as

(44)

The azimuthal field is identically zero, as can be inferred
from (43).

E. The H Fields

For the horizontal source , the horizontal
fields in the FL domain are obtained from (2), (3), (5), and

(6) [with (1)] as

(45)

where the fields are given in (10) and (11). The relation
implies the interfacial continuity of the

space-domain field. The relation also
implies the continuity, since .
The physical domain fields are not integral-free; they are
written (similarly as in Section III-C) as

(46)

where being equal to [with in (34)]

(47)

(48)

After extracting the impulse components, one can write the
fields in the radial and azimuthal directions (in simpler forms
than the - and -directional fields) as

(49)

(50)

Fig. 6. The frustal fronts and the ray paths of: (a) the TE head wave; (b) the
TM head wave for " < " (i.e., � < 1); and (c) the TM head wave for
" > " (i.e., � > 1). The TM rays are not normal to the frustal fronts.

The impulse components in (49) and (50) are related with the
TE and TM waves, respectively.

The vertical field of the horizontal source is calculated [sim-
ilarly as (12) through (17)] as

(51)

For the vertical source , the hori-
zontal fields can be written as

(52)
from (5) and (6) [with (1)]. The expression for the part is
obtained by differentiating (27) with respect to . Completing
the differentiations and in (52), one can write the trans-
verse field as

(53)
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Fig. 7. The effects of the receiver’s offset (from the interface) on the HH-case waveform of Fig. 3(b). (a) and (b) Solid, dashed, and dotted curves are for z = 0,
2, and 4 cm, respectively. (c) and (d) Solid, dashed, and dotted curves are for z = 0, �2, and �4 cm, respectively.

which is consistent with the field in [15]. The radial field
is identically zero.

The vertical field of the vertical source, , is identically
zero, since does not appear in (2)–(4).

IV. LATERAL HEAD WAVES

The TE (TM) leading impulse components derived in the
previous section [exactly at the interface or infinitesimally
within the medium (medium )] pertain to the TE (TM) lat-
eral head wave. A TE head-wave field can be obtained from the
leading impulse term of the TE interface solution, by replacing

with

(54)

for in the medium . Similarly, a TM
head-wave field can be obtained from the leading impulse term
of the TM interface solution, by replacing with

(55)

for in the medium . The dis-
tances , , , and are described in Fig. 6, where
the frustal fronts and the ray paths of the head waves are shown.

From the expressions of , , and [in (24),
(49), and (51), respectively], it turns out that the Poynting vector
of the TE head wave makes a critical angle

(56)

with the axis. The Poynting vector of the TM head wave
makes a critical angle

(57)

as can be inferred from , , , and [in
(24), (41), (31), and (50), respectively] or from , ,

, and [in (44), (29), (26), and (53), respectively]. In
the present uniaxial case, the critical angle is not equal to
the front-normal (wave-normal) angle of the TM head wave

(58)

The head-wave components of the TE fields yield the
impedance , while those of the TM fields yield
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Fig. 8. The effects of the receiver’s offset on the VV-case waveform of Fig. 4. (a) and (b) Solid, dashed, and dotted curves are for z = 0 , 2, and 4 cm, respectively.
(c) and (d) Solid, dashed, and dotted curves are for z = 0 , �2, and �4 cm, respectively.

V. EFFECTS OF RECEIVER’S SMALL OFFSET FROM THE

INTERFACE

In Section III, the offset of the receiver antenna from the in-
terface is zero or infinitesimally small. Now the receiver is taken
a little off the interface by an offset to see the perturbational
effects due to the offset. The waveforms off the interface are
computed by the numerical wavenumber–frequency synthesis.
The smaller the receiver’s offset, the more elaborate synthesis is
required to obtain ripple-free waveforms. The reference wave-
forms are the interfacial ones in Section III.

Fig. 7 shows the variation of the HH-case waveform
in Fig. 3(b). In Fig. 7(a) and (d) are shown the deforma-
tions caused by the sharpest singularities of the spherical
space waves, i.e., the singularities of the type and
of the Hilbert-transformed type. These singulari-
ties are operationally defined by and

, respectively,
for a well-behaved function . The singularity can be
inferred from the “logarithmic infinity” of the acoustical wave
potential [7], [8]. To find out which singularity will dominantly
or solely perturb the HH-case waveform, one can utilize the
time-harmonic azimuthal far fields (which are of the TE type)
in [12, eqs. (57) and (69)] derived for positive frequency, with
the recognition of the (generalized) Fourier time transform
relations and . The asym-
metric perturbation near in Fig. 7(a) is due to the

singularity, and the symmetric growth near 124.8 ns in

Fig. 7(d) is due to the singularity. These effects are of
first order, approximately proportional to near the interface.
The TM peaks (near 57.8 and 133.4 ns) are little affected by
the offset. They almost overlap. This can be explained by the
meridional far fields in [12, eqs. (56), (64), and (68)]; that is,
further processing them, one can find out that the field of
the TM type is primarily in the meridional direction. Near the
interface, therefore, the TM perturbation on the horizontal
field is not of first order.

The peaks in Fig. 7(b) characterize the “unguided” surface
waves [induced by the spherical waves in the medium 2 shown
in Fig. 7(d)], in the sense that a “guided” wave has a slower
radial attenuation than the spherical wave. This unguided wave
is also called the inhomogeneous (surface) wave [2, p. 109],
[13]. For a point source, the unguided surface wave falls off
as along the interface, an order faster than the spherical
wave. In contrast, the surface wave guided by an interface (as
the Rayleigh and Stoneley waves) or a slab (as the Love wave)
falls off as [1, Sec. 5.6], [6, Secs. 6.3 and 7.4.2].

In the direction, the peaks in Fig. 7(b) exhibit a decay
of , which is implied in the time-domain counterpart of the
near-interface factor in [2, p.
97] or a similar factor in [13]. Note that the exponential decay
(in the frequency domain) is not invariantly transferred into the
time domain. As regards the waveforms in Fig. 7(b), the
decay implies that only the solid-line peaks are associated with
the functions [i.e., and in (23)]. The dashed- and
dotted-line peaks have finite magnitudes even when the source
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Fig. 9. The effects of the receiver’s offset on the HV-case waveform of Fig. 5(a). (a) and (b) Solid, dashed, and dotted curves are for z = 0 , 2, and 4 cm,
respectively. (c) and (d) Solid, dashed, and dotted curves are for z = 0 , �2, and �4 cm, respectively.

has an ideal waveform instead of . In the time domain,
the surface waves are singular only at the interface.

The dashed- and dotted-line peaks in Fig. 7(c) characterize
the lateral head waves. The peaks just after (

) pertain to the TE fronts and those just after
( ) pertain to the TM fronts. They travel most of their
ways just within the medium 1, and then penetrate into the
medium 2 at the critical angles, and , respectively.
They precede the spherical waves at
and [the dashed- and dotted-line peaks in
Fig. 7(d)] transmitted through the medium 2. The arrival times
of the head waves are more affected by the offset than those of
the spherical waves are.

Similar remarks can be made for the effects of the receiver’s
offset on the VV-case waveform, shown in Fig. 8 (calculated
for the parameters used in Fig. 4). The variations of waveforms
are similar to those of the HH-case TE waveforms in Fig. 7. For
example, the asymmetric perturbation in Fig. 8(a) is due to the

singularity, and the symmetric growth in Fig. 8(d) is due
to the singularity. Discrimination is made between the
cases of and , since the vertical field is discontin-
uous at the interface.

The effects of the receiver’s offset on the HV-case waveform
are shown in Fig. 9, for the parameters used in Fig. 5. The pertur-
bations in Fig. 9(a) and (d) are both due to the singularities,
as can be inferred from the time-harmonic formulas in [12, eqs.
(56) and (68)] after simplification. The off-interface waveforms

in Fig. 9(b) are smooth curves [as those in Figs. 7(b) and 8(b)],
not as sharp as the interfacial transients of the singu-
larity mentioned in Section III-C. The shifting peaks in Fig. 9(c)
characterize the head wave, preceding the space-wave bursts in
Fig. 9(d).

The VH case is similar to the HV case.

VI. CONCLUSION

The authors have described the procedures of time-domain
analysis for the electromagnetic fields radiating along the hor-
izontal interface between vertically uniaxial media. Employing
and extending the interface scheme of [16], the solutions of
the fields have been obtained in exact explicit forms for the
HH and VV cases. For the HV and VH cases, the leading im-
pulse components have been extracted analytically, though the
complete fields have to be treated numerically. The impulse
components that lead the TE/TM waveforms are important in
understanding the interfacial far fields of earliest TE/TM ar-
rivals, since they are closely related with the lateral head waves.
Whether or not in the far zone, the impulse components are of
significance in their own right as prominent singularities in the
transient waveforms. The fields have been obtained using the
procedures for the fields.

The authors have also discussed the effects of the receiver’s
offset on the field waveforms. The key features of the offset
effects are: (i) the deformation of the interfacial singularities by
the spherical-wave singularities; (ii) the attenuation of peaks of
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the unguided surface waves; and (iii) the delayed (i.e., head-
wave) arrival of the leading impulse components. In the case
of the surface wave, a far-field component in the frequency do-
main does not imply a time-domain singularity, except at the
interface.

There is no need to express the time-domain solutions in dif-
ferent forms depending on the relative values of the horizontal
and vertical permittivities. Hence the procedures in this paper
can be exploited for the electromagnetic problem in which the
upper and lower media have different permeability (and permit-
tivity) values, and for the acoustic case of the fluid–fluid inter-
face. The procedures can also be utilized to derive or check some
partial solutions of the acoustoelastic or purely elastic problems.

APPENDIX

CALCULATION OF

One can write as

(59)

for which it will be shown that

(60a)

(60b)

The first case ( or ) can be proven using a formula
of [25, p. 185] concerning the integral for

. In the second case ( ), the integrand is
singular at . The integral can be written as

(61)
in which the integral for the first integrand is evaluated in the
sense of the Cauchy principal value

(62)

employing the variable change . The integral for the
second integrand yields

(63)

according to a formula concerning for
[25, p. 180]. Hence, (61) becomes zero, validating the

case (60b). Substituting (60) into (59) gives (16).
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