DOA Estimation based on Compressive Sensing
using Generalized Scattering Matrix
Hyunwook Jun#1, Yoon Goo Kim and Sangwook Nam*
School of Electrical Engineering and Computer Science, INMC, Seoul National University
151-742, Daehak-dong, Gwanak-gu, Seoul, Korea
1
nicehw1218@ael.snu.ac.kr, *snam@snu.ac.kr
Abstract—This paper presents a direction of arrival (DOA)
estimation method using compressive sensing. The CS model is
based on the generalized scattering matrix (GSM), presenting
antenna characteristics in a spherical mode analysis including
mutual coupling between antennas. As a result, the induced
currents on antennas by incident waves can be obtained
exactly and an accurate solution can be derived. An example is
given with 1×6 uniform linear dipole array antenna. In
addition, the output is compared with that of the MUSIC
algorithm which is a popular method of DOA estimation.

sensing could be made, as a result, it provides a more
accurate DOA estimation result.

I. INTRODUCTION

II. COMPRESSIVE SENSING MODE USING GSM

As communication technology has been improved, array
antennas have been commonly used for new techniques, such
as massive MIMO for high speed and high capacitance [1].
An array antenna which is composed of a number of element
antennas, has an inherent problem, namely mutual coupling.
[2] It exists when closed spaced antennas are receiving and
transmitting electromagnetic waves. Then, element antennas
are coupled electromagnetically and they influence each
other to change their characteristics, which are an active
impedance and active radiation pattern. Therefore, when an
array antenna is designed, mutual coupling should be
considered to achieve accurate results.

A. Overall Generalized Scattering Matrix (GSM)
The GSM represents the characteristics of an antenna in
spherical mode [12]. The form is

When an array antenna receives propagating waves,
currents are induced to each element antenna. The direction
of arrival (DOA) estimation is a technique to denote where
the waves come from using the induced currents. Because an
array antenna is used in a DOA estimation, mutual coupling
should be considered as well. Up to now, a number of
algorithms have been introduced for DOA estimation, mainly
the MUSIC and ESPRIT algorithms [3-6]. As well there are
variations to modify mutual coupling [7, 8].
Compressive sensing has also been applied to DOA
estimations for spare signals from its introduction [9-11].
There are some techniques for increasing accuracy, however,
more effort is needed to consider mutual coupling.
In this paper, a DOA estimation technique based on
compressive sensing using the generalized scattering matrix
(GSM) is presented. The GSM represents antenna
characteristics in a spherical mode. Using the GSM of an
element antenna, the overall GSM which shows
characteristics of an array antenna in spherical mode could
be composed including mutual coupling. By using the
overall GSM, the measurement matrix of compressive
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In section II, the overview of GSM and the compressive
sensing mode using GSM are presented. In section III,
simulation results are given using a 1×6 uniform linear
dipole array antenna. The result is compared with that of the
compressive sensing model without mutual coupling and the
MUSIC algorithm which is the most popular DOA algorithm.
Finally, section IV, there presents the conclusion.
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And with the geometric information, it is used to
compose the overall GSM which expresses characteristics of
an array antenna in the form of (2) [13].
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The parameters are
Γ G = Γ + RG[I - (S - I )G ]-1 T
R G = R + RG[I - (S - I )G ]-1 (S - I )
TG = [I - (S - I )G ]-1 T

(3)

(S G - I G ) = [I - (S - I )G ]-1 (S - I )

which are explained more in detail [13].
The advantage of using the GSM is, most importantly,
taking account of the mutual coupling effects in an array
antenna. Moreover, once the GSM of the antenna element is
obtained, it is easy to obtain the overall GSMs of any
structures of array antennas composed of antenna elements.
B. Compressive Sensing Model using GSM
The compressive sensing model for DOA estimation is
y = Ax + e

(4)

where y is the induced currents, A is the measurement matrix
composed of the premeasured induced currents of each angle,

x is the sparse signal, and e is the noise. When the number of
element antennas is Na and the number of angular resolutions
for the signal is Nr, the dimension of y is (Na×1), A is
(Ns×Na), and x and e are (Nr×1).

When Q is a set of incident signal mode coefficients for
an angle, it is described as

Q = ⎡⎣Q1 " Q j " Q J ⎤⎦

T

(5)

where Qj is jth mode coefficient. Then, the induced currents
for each antenna can be derived using the overall GSM as
Ip = −

R G G i,center Q

(6)

2 Re(Z0 )

where Gi,center is the general transition matrix from the center
to the ith antenna and Z0 is the characteristic impedance of an
element antenna.
When the reference mode coefficient matrix Qref is
Q ref = ⎡⎣Q1 " Q n " Q Nr ⎤⎦

(7)

for each incident angle, the measurement matrix A is
A=−

R G G i,center Q ref

(8)

2 Re(Z0 )

Each column of the measurement matrix A represents the
induced currents on antenna elements including mutual
coupling.
The measurement matrix A is composed of imaginary
numbers. Therefore, the basis pursuit (BP) which is the basic
algorithm of compressive sensing is difficult to be applied.
Therefore, to obtain a better result, the basis pursuit
denoising (BPDN) in (10) is chosen as the recovery
algorithm [14].
For some λ≥0, min λ x 1 + Ax − y
x

2
2

(9)

III. SIMULATION RESULT
A simulation is performed with a 1×6 uniform linear
dipole array example as depicted in Fig. 1. The target
frequency is 1.5 GHz. The spacing between antennas d is 0.5
λ (10 cm) and the antenna length l is 0.4 λ (8 cm). The radius
is 0.0025 λ (0.05 cm). The antenna material is PEC and the
GSM of the antenna element is obtained from the MoM
simulation too, FEKO Suite 6.2.

d = 0.5 λ
l = 0.4 λ

Fig. 1. 1×6 uniform linear dipole array.

An incident wave is assumed a plane wave. When a plane
wave is coming from (θ0, φ0), its spherical mode expression
is given in [12] as
G
G G
k
E0 exp(ik 0 ⋅ r ) =

G (1)

J

∑Q F
η
j

j

(r, θ, φ)

(10)

j =1

where Qj is
Qsmn =

k

η

G G
(−1)m 4πiE0 ⋅ K s, − m,n (θ0 , φ0 )

(11)

JJG
G
( K s,-m,n : far-field wave function, k 0 : propagation vector,
k : wave number, η : intrinsic impedance)

In addition, λ of the BPDN algorithm is chosen as 10-7
for the best results.
A. One incident wave
When a 10 V/m y-polarized plane wave is coming from
(θ0, φ0) = (45 °, 270 °) in SNR 20 dB, the estimated result is
depicted in Fig. 2 as the first example. The result of the
proposed method is compared with those of the MUSIC
algorithm with and without mutual coupling. Though the
MUSIC algorithm without mutual coupling provides an
accurate estimated result, when mutual coupling is
considered, the result is worse. However, the proposed DOA
estimation method — compressive sensing using the GSM
— provides prescise result as that of the MUSIC algorithm
without mutual coupling.
B. Two incident waves of a 40° difference
The second example is shown in Fig. 3 with two incident
waves. There are 10 V/m y-polarized plane waves coming
from (θ0, φ0) = (25 °, 270 °), (65 °, 270 °) in SNR 20 dB. In
this case, compressive sensing using the GSM shows a
similar result to that of the MUSIC algorithm without mutual
coupling. In addition, it is better than that of the MUSIC
algorithm with mutual coupling. Moreover, it estimates the
wave from (65 °, 270 °) more precisely than the MUSIC
algorithm.
C. Two incident waves of a 5° difference
In Fig. 4, the last example is shown with two adjacent
incident waves. The incident waves are the same as the
second example — 10 V/m y-polarized plane waves — but
their incident angles are different: (θ0, φ0) = (42 °, 270 °),
(47 °, 270 °). The MUSIC algorithm without mutual
coupling distinguishes the two adjacent incident waves as
though it is somewhat inaccurate. As well, because of the
mutual coupling, the MUSIC algorithm with mutual
coupling fails to identify the difference between the two
incident waves. However, the proposed method —
compressive sensing using the GSM — not only
distinguishes the two waves, but also provides a precise
result.

IV. CONCLUSION

DOAEstimation
0

This paper presents a new method estimating DOA based
on compressive sensing. It considers the entire mutual
coupling in an array antenna while taking advantage of the
GSM. It is examined in three cases. For every case, the
results are compared with that of the MUSIC algorithm with
and without mutual coupling. Moreover, according to the
simulation results, the proposed method provides an
outstanding performance. In addition, it is easy to be
extended to any other array antenna structure once the GSM
of the antenna element is known.
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