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Determination of Generalized Scattering Matrix of Antenna from Characteristic Modes

Yoon Goo Kim and Sangwook Nam, Senior Member, IEEE
Dept. of Electrical and Computer Engineering, INMC, Seoul National University
1 Gwanak-ro, Gwanak-gu, Seoul, 151-744, Republic of Korea
scika@ael .snu.ac.kr, snam@snu.ac.kr

Abstract: A method for determining a generalized scattering matrix of an antenna using characteristic modes is
presented here. Once characteristic currents at a feeding port, radiation patterns of characteristic currents and
eigenvalues are known, the generalized scattering matrix can be calculated. It is shown that an antenna whose
behavior is dominated by a single characteristic mode can be a canonical minimum scattering antenna. The
formula is verified using a one and a half wavelength dipole antenna.

1. INTRODUCTION

The generalized scattering matrix of an antenna is
widely used for an antenna analysis. For example, the
generalized scattering matrix is useful for calculating
a mutual coupling among antennas [1]-[3]. One
method of determining the scattering matrix is to
compute the amplitudes of scattered spherical waves
independently for each incident spherical wave.
Rubio et al. calculated the generalized scattering
matrix from the generalized admittance matrix
obtained using the segmentation-finite-element-
Lanczos-Pade methodoiogy [3].

The theory of characteristic modes was first

developed by Garbacz [4] and was later refined by
Harrington and Mautz [5]-{7]. The theory of
characteristic modes is helpful in the analysis of

electromagnetic scattering problems. In this paper,
we derive a new formula that calculates a generalized
scattering matrix of an antenna using the theory of
characteristic modes.

The canonical minimum scattering (CMS) antenna
is one which does not scatter electromagnetic fields
when its feeding ports are open circuited [8]. Rogers
demonstrates qualitatively that lossless antennas
whose scattering behavior is dominated by a single
characteristic mode can be CMS antennas [9]. In this
paper, we find the condition where lossless or lossy
antennas become CMS antennas using the derived
formula.

Finally, we validate the formula by calculating the
scattering matrix of a one and a half wavelength
dipole antenna numerically.

2. Spherical Wave and Generalized
Scaitering Matrix
Electric fields and magnetic fields due to a current
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In this paper, the spherical wave function and
ordering of spherical waves are the same as those
used in the EM simulator FEKO [10]. The & time
convention is used throughout. s = 1 denotes TE
mode and s = 2 denotes TM mode. ¢ = 1 denotes
standing waves, ¢ = 3 denotes incoming waves, and ¢
= 4 denotes outgoing waves. The relationship among
standing wave, incoming wave, and outgoing wave is

i 1

B, =—E° +-E, (2a)
& Fa
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The complex amplitude of outgoing spherical
wave, O | is determined from current distribution

s.m.n ?

using the following formula [2, p. 333]

o, =—(-1 [[[EL,, - Jdv

_—F.nn (3)
where J is current density.

Amplitudes of incident and reflected waves on the
feed waveguide and amplitudes of incoming and
outgoing spherical waves are related by the following
generalized scattering matrix equation [2]:

T

b TiS|a
Bl @
where v is the amplitude of the incident wave at an
antenna’s feeding port and w is the amplitude of the

cted wave at the feeding port. a is an infinite
ensional column matrix containing amplitudes of
infinite

rexl

incoming spherical waves and b s an
dimensional column matrix containing amplitudes of
outgoing sphericai waves. I isa reflection coefficient
and T, B, and S describe, respectively, the
transmitting, receiving, and scattering properties of
antennas. The wave functions are normalized such
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that one half of the square of the absolute value of the
amplitude is the power carried by the wave.
The receiving pattern of a reciprocal antenna can

be found from the transmitting pattern. R is

At o fh f\:l Wi irer seniats I = 2£71.
determined using the following equation [2, p. 361

3. T!’gegrv of Characteristic Modes
Although the theory of characteristic modes is
extensively described in [5]-{7], we will summarize
the theory of characteristic modes briefly. The
eigenvalue equation defining the characteristic modes
is
X(3,)=4RA,) ©

There are two types of eigenvalue equation when
bodies are lossy [7]. In this paper, we choose the
eigenvalue equation so that eigenvalues and
cigenvectors are real. R and X in (6) are, respectively,
the real and imaginary part of the impedance operator
in the method of moments. The eigenvector J, is
called the characteristic current. The characteristic
currents are normalized such that

({3, R, )dv=1
Jdd 7 g J (7)

The characterls tic modes are ordered according to
| A 1]S} A 2}S] A 52---. Total current on an antenna can
be represented by the linear combination of all
characteristic currents:

o0

e 1+ }ﬂ, (8)
where V] is the modal excitation coefficient, and
determined by

v, =[ffa, Ed o)

where E' is the incident electric field.

4. IV. FORMULA FOR GENERALIZED
SCATTERING MATRIX OF ANTENNAS

Fig. 1 represents the antenna that is addressed in
this paper. It is assumed that the material body of
the antenna is composed of conductors or dielectrics,
and is linear and reciprocal. The material body can be
lossy. It is also assumed that the number of feeding
ports is one and the antenna is excited at an
infinitesimal gap on the conducting wire.

We first consider the scattering matrix of bodies
without a feeding port, where the infinitesimal gap is
filled with a conductor. In this case, w, v, T, T,and R
in (4) are eliminated and a, b, and S remain. Since

Kegdino Port --- === »)
ceeding Fort

Fig. 1. Material body and feeding port of
antennas

the incident wave is finite at the coordinate origin,
the incident wave is expanded in terms of the
standing spherical waves. Let the standing spherical
wave of index (s, m, n) be incident on the body and
its amplitude be 2.'1”,,, In other words,

)] = (3) 4
Ea:,m,nEs‘m,n = a.t,m,nE.t ?)n : m nEs (”3)") ) and
)
za:-nanmn _'aanHsm"+aJ.mJ:HJ_mn are

incident on the antenna. Let the amplitude of the
outgoing spherical wave of index (s, m, n) generated
by pth characteristic current be, 7.°,  i.e.

s,m.n

Thwn == f[f3,-E2, av

§,~-m.n 10

(10
Using (9), the modal excitation coefficient of pth

characteristic current is given by

vi=[[[3, 20, B0 b

Comparing (11) with (10), we notice that (11) is
same as -2(-D"T?, .a ., . When multiple
spherical waves are incident, the amplitudes of the
incoming and outgoing spherical waves are to be
represented by a column matrix a. Then, the modal
excitation coefficient of pth characteristic current is

S P

V,=—2R"a (12)
where R” is a row matrix and the element of R” is
defined by

.rmn_( l)m semmn (13)

When incoming and outgoing waves with
amplitude a are incident, the outgoing spherical wave
amplitudes generated by pth characteristic current
with the weighting coefficient is

T’R*a

P g
scattered .
1+ j4,

(14)
where the elements of T° is given by T2, .

Therefore, the amplitudes for the outgoing spherical
waves of total field (scattered field + incident field)
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when a is incident is
= (15)

Next, consider the scattering matrix of antennas
with a feeding port. A short circuited antenna can be
considered as a body without a port. If a port is short
circuited,

T R’a
+]/l

M (16)
Substituting (16) into (4) and manipulating, we
have
b= (-J—TR + S]a
1+ a7
Comparing (17) with (15), we have

TR’

S= I+LTR 22
+1 1+ ]/'{F (18)
where I is a unit matrix.

If we excite an infinitesimal gap of an antenna
with IV volts, the modal excitation coefficient for pth
characteristic current is, by (9),

e (19)
where I, is a current at the feeding port for pth
characteristic current. Therefore, from (8) the current
density on the antenna when IV volts is applied at the
port is

= 1+jip (20)

In this case, the outgoing spherical wave
amplitudes that the antenna transmit is

= 17[
bl"aﬂs"“"’ = p TF
% ;‘ 1+ /2,

(21)

If a wave with an amplitude of 1 is incident at a
feeding port, the voltage at the gap is
V=,Z (1+I) where Z, is the characteristic
impedance of the waveguide of an antenna. Here, the
reference plane is at the feeding gap and only one
mode exists in the waveguide. Therefore, the modal
transmitting pattern of the antenna is

ZJ—(i DL

1+ 74,
ol u 212
Thc reflection coefficient is also can be determined
. From {20), the
(23)

of the antenna is

£7% AN
[P

and from this equation we obtain the reflection
coefficient.

The generalized scattering matrix can be obtained
from the characteristic currents at a feeding port,
transmitting patterns of characteristic currents in
terms of spherical waves, and eigenvalues.

5. Canonical Minimum Scattering Antenna

In this section, we will find the condition where an
antenna becomes a CMS antenna. We assume that the
eigenvalues of higher order modes are very large
compared with the eigenvalue of the lowest order
mode so that the currents on the antenna are
dominated by a single characteristic current. In this
case, T becomes

_Jz,a+D)1,
oy (25)
R becomes, from (5),

_NZa+D

1+ jA : (26)
and S becomes
2
SwI+——TR- —T'R!
1+T 1+ j4, : 27
Substituting (25) and (26) into (27) and rearranging,
2 ‘A
Sl TR i) g
1+T Z,1+ DY,y (28)
From (24), the input impedance of the antenna is
Soely 1‘ 1+ jA,
n = 2
SR (1) (29)

Substituting (29) into (28) and rearranging, we have

Bel-—l R
1-T (30)
According to Rubio and Izquierdo [11, eg. (16)], this
is the same as the S of CMS antennas. Therefore, an
antenna whose behavior is dominated by a single
characteristic mode can be 2 CMS antenna.

6. Validation

To verify the theory, we calculated the S matrix in
(4) by two different methods and compared the two
results. In one method, we did simulations where
each spherical wave was incident on the antenna with
a load and found the amplitudes of scattered
:.t’..‘l L= H.GI waves 35}:5!&;‘3&' U ¢ E]‘C {!}UUL:L. current on
the antenna. From this we determined the scatiering
matrix. In another method, we calculated a scattering
matrix from characieristic modes using the formuia
presented in this naLe..

The anienna used in the simulation is a Qipoic
antenna. The teqﬂih of the dipole anienna was 300
mm and diameter of wire 1 mm. The conductivity of
the wire was 10° S/m. The antenna was fed at its
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center and the characteristic impedance of the

wayecuide was 150 Q. The simulated frequency was
he di pﬂla |nnr\rfh of 1.5 ur-ur:-lnn:rrhc

l_;'_l.{‘. =
the w:re.: is on the z axis and the center of the d:pole
was locaied on the origin of the coordinate systemi.
We caleulated the impedance matrix by using the
pulse function for the expansion and point matching
for testing [12]. When we caiculated the 5 matrix by
the first method, we terminated 150 & af the {eeding
port. In me method presenied, we calculated the S

with five dominant

1121

mat

characteristic we calculated the
reflection coefficient, we used many characteristic
modes because if we used only a few characteristic
modes we would not be able to compute the input
admittance exactly.

Table 1 shows several characteristic modes for
which the eigenvalues are small and the dominant
spherical waves that each characteristic mode
generates. Fig. 2 (a) shows the S matrix calculated by
the first method and Fig. 2 (b) shows the S matrix
calculated by the method presented. We show the
dominant spherical waves in Fig. 2. Notice they are
almost exactly same and it shows the validity of the
proposed method to obtain the antenna scattering
matrix. If we use more characteristic modes, the error
between the two matrices becomes smaller.

TABLE ]
Eigenvalue of Characteristic Mode and
Dominant Spherical Wave
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Fig. 2. S ofthe dipole antenna obtained by two
methods (a) first method (b) presented method

7. Conclusion

We showed the full generalized scattering matrix

can be calculated once characteristic currenis at a
feeding port, tranmmr‘ng patterns of characteristic

currents in terms of :}Jncuudl waves, and cxgem-’alues

oo |

are known. ;:fo"L Ge Iormuia prescnte ed in this papes,
we demons d that an anienna wno behavior is

dominated be 2

ral

/ Fos
CMS antenna.
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