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Abstract—A method is presented to analyze the maximum
power transfer efficiency of a wireless power transfer system and
its electromagnetic fields via spherical modes. The Z-parameter
and Y-parameter for two coupled antennas are derived using the
antenna scattering matrix and an addition theorem. In addition,
formulas for calculating the maximum power transfer efficiency
and optimum load impedance are presented. A formula is derived
to calculate the electromagnetic field generated by a wireless
power transfer system from the antenna scattering matrix.

Index Terms—Addition theorem, antenna mutual coupling,
spherical mode, wireless power transfer.

I. INTRODUCTION

O VER the last century, many researchers have attempted
to transmit electrical energy without the use of wires

[1]–[6]. In the past, wireless power transfer using far field,
which is used in long-range power transfer, has been studied [1].
Currently, wireless power transfer using near field is receiving a
considerable amount of attention for short-range power transfer
[2]–[6]. Several analytical models for wireless power transfer
using near field have been proposed. These models include an
analysis using coupled-mode theory [2], an analysis using an
equivalent circuit [3], [4], and an analysis using filter theory [5].
These models typically require a solution of a boundary value
problem in the presence of the detailed geometry of all an-
tennas. It may be desirable to describe wireless power transfer
in terms of a closed-form equation using the parameters of an
isolated antenna. When this is done, it can help us to understand
the factors that affect wireless power transfer and to design an
efficient wireless power transfer system. Analysis using spher-
ical modes is suitable for this purpose. Previous research [6]
has used spherical modes to analyze the wireless power transfer
between two identical canonical-minimum-scattering antennas
that generate only fundamental modes. This paper examines the
general case in which two different antennas generate arbitrary
spherical modes and have arbitrary scattering properties.
To investigate the characteristics of wireless power transfer,

we should analyze the coupling between antennas, because
power is transferred from antenna to antenna through the cou-
pling phenomenon. Coupling between antennas is described

Manuscript received February 27, 2013; revised September 18, 2013; ac-
cepted November 17, 2013. Date of publication March 19, 2014; date of current
version May 29, 2014. This research was funded by the MSIP (Ministry of Sci-
ence, ICT & Future Planning), Korea in the ICT R&D Program 2013.
The authors are with the Department of Electrical and Computer Engineering,

Seoul National University, Seoul, 151-742 Korea (e-mail: scika@ael.snu.ac.kr;
snam@snu.ac.kr).
Color versions of one or more of the figures in this paper are available online

at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TAP.2014.2312419

by the S-parameter, Z-parameter, or Y-parameter. Previous
studies [7]–[9] have derived the S-parameter, Z-parameter, and
Y-parameter between antennas using the antenna scattering
matrix for the analysis of near-field measurement and antenna
arrays. We apply the antenna-scattering-matrix theory to wire-
less power transfer. In this paper, we derive the Z-parameter
and Y-parameter between two antennas in free-space using the
antenna scattering matrix and an addition theorem.
One of the most important parameters in wireless power

transfer is power transfer efficiency. Power transfer effi-
ciency depends on load impedance. We determine both a load
impedance for which power transfer efficiency is maximized
and a formula for calculating maximum power transfer effi-
ciency from the Z-parameter.
To use wireless power transfer in practice, the effects of wire-

less power transfer on human bodies and electronic devices
should be investigated. In addition, such systems must adhere to
relevant regulations, such as EMC regulations. Therefore, it is
necessary to determine the electromagnetic fields near wireless
power transfer systems. In this paper, we derive a formula for
calculating the electromagnetic field generated by two coupled
antennas in free-space. Finally, the proposed formula is vali-
dated using a simulation.
Throughout this paper, it is assumed that an antenna has one

feeding port. The time dependence is used throughout this
paper.

II. ANTENNA SCATTERING MATRIX

The electric field and magnetic field outside a sphere en-
closing an antenna can be expressed as a superposition of spher-
ical modes (Appendix A). The coefficients of the incident and
reflected waves at the feeding port of an antenna and the coeffi-
cients of the incoming and outgoing spherical modes are related
by the following antenna-scattering-matrix equation:

(1)

Here, is the coefficient of an incident power wave at the
feeding port, and is the coefficient of a reflected power wave
at the feeding port. The definition of power waves is presented
in [10]. The antenna scattering matrix used in this paper is
slightly different from the conventional antenna scattering
matrix [7]; in the conventional antenna scattering matrix,
and are the coefficients of traveling waves. denotes a
column matrix containing the coefficients of the incoming
spherical modes, and denotes a column matrix containing the
coefficients of the outgoing spherical modes for the total field
(incident field + scattered field). is the reflection coefficient,
and , , and describe the transmitting, receiving, and
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scattering properties of the antenna, respectively. and
are called the modal transmitting pattern and modal receiving
pattern, respectively [9]. The mode functions are normalized
such that one half of the square of the absolute value of the
coefficient is equal to the power carried by the wave.

denote the indices of spherical modes, where
denotes the TE mode, and denotes the TM mode, while
and are the indices defined in Appendix A. The ordering of

the mode coefficients is arbitrary. In this paper, the modes are
ordered as follows:

The th mode is the mode with index that satisfies the
following equation:

(2)

The modal receiving pattern of a reciprocal antenna can be
found from the modal transmitting pattern. is determined
from the following equation [7, p. 36]:

(3)

where and are the elements of and , respec-
tively, and the subscript denotes the mode indices. In [7], (3)
was derived for the case in which and are the coefficients of
traveling waves, and a feed waveguide is completely enclosed
by a conductor except for a reference plane. Equation (3) is also
valid when and are the coefficients of power waves1 or when
an antenna is excited at a gap.
An antenna that does not scatter electromagnetic fields when

its feeding port is open-circuited is called a canonical-min-
imum-scattering antenna [11]. The expression for for a
canonical-minimum-scattering antenna is [12, eq. 16]

(4)

where is the identity matrix.

III. MUTUAL COUPLING BETWEEN TWO ANTENNAS

A. Network Representation of Coupled Antennas

We place antenna 1 at the origin of coordinate system 1
( axes) and antenna 2 at the origin of coordinate
system 3 ( axes), as shown in Fig. 1. Coordinate
system 2 ( axes) is obtained by translating coordinate
system 1, and coordinate system 3 is obtained by rotating coor-
dinate system 2. The origin of coordinate system 2 is located
at in the spherical coordinates of coordinate system
1, and the rotation of the coordinates is described by the Euler
angles [7, App. A2]. It is assumed that the two
minimum spheres, one enclosing each antenna, do not overlap.

1When the power wave is used, in [7, eq. (2.81)] is replaced by
and in [7, eq. (2.82)] is replaced by

, where is the real characteristic impedance of
a feed waveguide and is the reference impedance. Then, the same result as
that for the traveling wave is derived.

Fig. 1. Coordinate systems and antennas.

Fig. 2. Network representation of two coupled antennas.

The coupling between the two antennas is expressed by the
Z-parameter, as follows:

(5a)

(5b)

or the Y-parameter, as follows:

(6a)

(6b)

where and are the voltages at the feeding ports of antenna
1 and antenna 2, respectively, and and are the currents at
the feeding ports of antenna 1 and antenna 2, respectively. The
coupling of the two antennas can be considered as a cascade
of three networks, as shown in Fig. 2. Two of the networks are
the antennas’ networks, and the intermediate network represents
the space outside the two spheres that surround antenna 1 and
antenna 2.

B. Spherical Mode Coefficient Conversion

In this section, we determine the relation between the spher-
ical mode coefficients with respect to coordinate system 1
and the spherical mode coefficients with respect to coordinate
system 3. Let the coefficient of the th incoming spherical
mode in coordinate system be and the coefficient of the
th outgoing spherical mode in coordinate system be . Let
and be column matrices and the th elements of

and be and , respectively. The total field consists
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of the field generated by the current on antenna 1 and the field
generated by the current on antenna 2 when there is no incident
field outside the two antennas. In the sphere that is centered
at the origin of coordinate system 1 and has radius , the field
generated by antenna 2 is composed of incoming and outgoing
spherical modes with respect to coordinate system 1, and the
coefficients of the incoming and outgoing spherical modes are
equal. The coefficient of the th incoming spherical mode
in coordinate system 1 is purely due to the current on antenna
2. Therefore, the coefficient of the th outgoing spherical mode
generated by the current on antenna 1 alone is in co-
ordinate system 1. can be expanded in terms of
using the translational addition theorem:

(7)

where is defined by

when

when
(8)

where and are functions de-
fined in Appendix B. is the mode index,

, and satisfies (2). Equation
(7) can be written in matrix form

(9)

where the element in the th row and th column of is .

The coefficient of the th incoming spherical mode in co-
ordinate system 3 can be expanded in terms of using the
rotational addition theorem

(10)

where is defined as

when and
otherwise

(11)
where is a function defined in Appendix C,
and and are given by the same equations as those used in
(8). Equation (10) can be written in matrix form

(12)

where the element in the th row and th column of is .
Therefore, the relation between and can be
written as

(13)

Likewise, the relation between and can be
written as

(14)

Fig. 3. Antenna configurations and coordinate systems: (a) antenna 1 and an-
tenna 2 and (b) antenna 3 and antenna 4.

C. Z-Parameter and Y-Parameter Between Two Antennas

Let the antenna scatteringmatrices of antenna 1 and antenna 2
be

(15)

respectively, where and are referred to as coordinate
system 1 and coordinate system 3, respectively. It is assumed
that the number of spherical modes in the antenna scattering
matrices of antenna 1 and antenna 2 are the same. Let the
reference impedances of the feeding ports of antenna 1 and
antenna 2 be and , respectively. The antenna-scat-
tering-matrix equations of antenna 1 and antenna 2 can be
expressed as follows:

(16a)

(16b)
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The Z-parameter of the two coupled antennas can be obtained
by solving (13), (14), and (16) and is given by the following:

(17a)

(17b)

(17c)

(17d)

where

(18a)

(18b)

When the antennas are canonical-minimum-scattering antennas,
from (4), the Z-parameter reduces to the following:

(19a)

(19b)

(19c)

(19d)

where and are the input impedances of antenna 1 and
antenna 2, respectively.
The Y-parameter is given by the following:

(20a)

(20b)

(20c)

(20d)

where

(21a)

(21b)

IV. MAXIMUM POWER TRANSFER EFFICIENCY AND
OPTIMUM LOAD IMPEDANCE

If the Z-parameter is given, the load impedance at which the
maximum power is transferred and themaximum power transfer
efficiency can be calculated. Let a load impedance be con-
nected to the feeding port of antenna 2, and let a source be con-
nected to the feeding port of antenna 1. The power transfer effi-
ciency PTE is defined as

PTE (22)

where is the power dissipated in the load, is the power
that enters the network, and is the input impedance observed
at the feeding port of antenna 1. The power transfer efficiency
is maximized when satisfies the following equations:

PTE PTE
(23)

The and that satisfy the above equations are as
follows:

(24a)

(24b)

when . The maximum power transfer efficiency
PTE is given by the following equation:

PTE

(25)

where

(26)
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V. ELECTROMAGNETIC FIELD GENERATED BY A WIRELESS
POWER TRANSFER SYSTEM

As explained in Section III-B, the spherical mode coefficients
produced by the current on antenna 1 alone are in co-
ordinate system 1, and the spherical mode coefficients produced
by the current on antenna 2 alone are in coordinate
system 3. Solving (13), (14), and (16), we obtain and

.

(27a)

(27b)

An alternate formula is

(28a)

(28b)

If the antennas are canonical-minimum-scattering antennas,
(27) becomes

(29a)

(29b)

From (27) or (28) and the spherical mode functions in
Appendix A, we can calculate electromagnetic field generated
by a wireless power transfer system.
When antenna 2 is open-circuited and antenna 1 is excited

with a current of 1 A, the spherical mode coefficients produced
by the current on antenna 1 alone are denoted by , and the
spherical mode coefficients produced by the current on antenna
2 alone are denoted by . When antenna 1 is open-circuited
and antenna 2 is excited with a current of 1 A, the spherical mode
coefficients produced by the current on antenna 2 alone are de-
noted by , and the spherical mode coefficients produced by

TABLE I
COEFFICIENTS OF DOMINANT SPHERICAL MODES AND INPUT IMPEDANCE

TABLE II
COEFFICIENTS OF DOMINANT SPHERICAL MODES AND INPUT IMPEDANCE

the current on antenna 1 alone are denoted by . Then, (17)
can be written as follows:

(30a)

(30b)

(30c)

(30d)

VI. NUMERICAL RESULTS AND VALIDATION

To verify the formula, we calculated the Z-parameter, Y-pa-
rameter, and maximum power transfer efficiency of a wireless
power transfer system and the electromagnetic field near a wire-
less power transfer system using the formulas presented in this
paper and compared the results with those obtained using the
EM simulator FEKO. We designed four helical antennas. For
antenna 1, the radius was 30 cm, the height was 20 cm, and the
number of turns was 4.5. For antenna 2, the radius was 24 cm,
the height was 25 cm, and the number of turns was 5.5. For an-
tenna 3, the radius was 8 cm, the height was 10 cm, and the
number of turns was 8. For antenna 4, the radius was 7 cm, the
height was 12 cm, and the number of turns was 10. The wire
used in all the antennas was made of copper. The diameter of
the cross section of the wire used in antennas 1 and 2 was 4 mm,
and the diameter of the cross section of the wire used in antennas
3 and 4 was 1 mm. All the antennas were fed at the center of
the wire. The centers of antennas 1 and 3 were located at the
origin of coordinate system 1, and the axes of antennas 1 and
3 coincided with the -axis. The centers of antennas 2 and 4
were located at the origin of coordinate system 3, and the axes
of antennas 2 and 4 coincided with the -axis. The origin of
coordinate system 3 was located at with respect to co-
ordinate system 1.
We extracted the current distributions of the helical antennas

using FEKO. We calculated from the currents at a frequency
of 13.56MHz with the reference impedances being the complex
conjugates of the input impedances of the antennas. Tables I and
II show the input impedance and the dominant spherical mode
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Fig. 4. Z-parameter between antenna 1 and antenna 2: (a) real part and
(b) imaginary part.

coefficients among the elements of for each antenna. We as-
sumed the four antennas to be canonical-minimum-scattering
antennas and calculated using (3) and (4).
We calculated the Z-parameter between antenna 1 and an-

tenna 2 at 13.56 MHz. In this case, varied from 60 to 150 cm,
and , , , , and were all equal to 0. The Z-parameters
were calculated using (19) for six modes (maximum of 1) and
30 modes (maximum of 3).2 We calculated the Y-parameter
between antenna 3 and antenna 4 at 13.56 MHz. In this case,
and were fixed to 40 and 90 , respectively, and varied from
20 to 110 cm. 90 , , and 90 , such that
the line connecting the centers of the helices coincided with the
-axis, and the - and -axes were parallel. The Y-parame-

ters were calculated using (20) for six modes (maximum of 1)
and 30 modes (maximum of 3). Figs. 4 and 5 show the Z-pa-
rameter and Y-parameter values calculated using the spherical

2The number of modes written in this section indicates the number of all the
modes for which the index is not larger than the maximum value. In real
calculation, the number smaller than the written number was used in all the
calculations in this section.

Fig. 5. Y-parameter between antenna 3 and antenna 4: (a) real part and
(b) imaginary part. The left axis provides the values for and , and the
right axis provides the values for and . For and , the values
calculated using 6 modes and 30 modes are almost identical.

mode theory and with FEKO. The Z- and Y-parameter values
obtained from the theory agree well with the values obtained
using FEKO.
Using (24), we calculated the optimum load impedance from

the Z-parameter obtained with FEKO for the above two cases.
We terminated the feeding ports of antennas 2 and 4 with the
optimum load impedance in the FEKO simulation and calcu-
lated the power transfer efficiency for the two cases. We also
computed the maximum power transfer efficiency using (25)
and the Z-parameter obtained with spherical modes for the two
cases. Fig. 6 shows the optimum load impedance and the max-
imum power transfer efficiency. The maximum power transfer
efficiencies calculated using the two methods agree well.
We calculated the electromagnetic field at 13.56 MHz for two

configurations. For configuration 1, antenna 1 and antenna 2
were used; 1 m, and 0 . The
field was calculated using (29) for 0.5 m, 0 , and

0 to 360 , with the two antennas stationary. 180
to 360 and 0 correspond to 180 to 0 and
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Fig. 6. (a) Optimum load impedance. The right axis provides the values for
Imaginary part (Antennas 3 and 4), and the left axis provides the values for the
remainder. (b) Maximum power transfer efficiency.

180 . are the spherical coordinates with re-
spect to coordinate system 1. For configuration 2, antenna 3 and
antenna 4 were used; 30 cm, 40 , 90 , 90 ,

40 , and 90 . The field was calculated using (28)
for 15 cm, 90 , and 0 to 360 , with the two
antennas stationary. 180 to 360 and 90 corre-
spond to 180 to 0 and 270 . The optimum load
impedance was connected to the feeding ports of antennas 2 and
4, and 10 V was applied to the feeding ports of antennas 1 and 3.
When the fields were computed using the spherical mode theory,
70 modes (maximum of 5) and 198 modes (maximum of 9)
were used for configuration 1, and 30 modes (maximum of 3)
and 126 modes (maximum of 7) were used for configuration
2. The number of spherical modes was truncated so that the re-
sult would converge. Figs. 7 and 8 show the components of the
E-field and H-field calculated using the spherical mode theory
and using FEKO. For configuration 1, the graph for the fields
calculated using 198 modes and the graph for the fields calcu-
lated using FEKO coincide, and for configuration 2, the graph
for the fields calculated using 126 modes and the graph for the
fields calculated using FEKO coincide. The component and

the component of the field calculated from theory and using
FEKO also agree well. We omit the presentation of graphs for
the component and component.

VII. CONCLUSION

Using spherical modes and an addition theorem, we derived
the Z-parameter and Y-parameter between two antennas with
arbitrary radiation and scattering patterns. Once we know the
antenna scattering matrix of an isolated antenna, we can deter-
mine the mutual coupling between two antennas in arbitrary po-
sitions (except for the case in which the two minimum spheres
that enclose the antennas overlap). We also present formulas for
calculating the maximum power transfer efficiency and the op-
timum load impedance. We also derived a formula for calcu-
lating the electromagnetic field generated by a wireless power
transfer system. We can compute the near-field and far-field
values for wireless power transfer systems using this formula.
The antenna scattering matrix is calculated after the numer-

ical computations, such as the method of moments (MOM), and
this process takes time. Therefore, classical numerical methods
such as MOMmay be faster when the number of configurations
calculated is small. When the arrangement of antennas varies
and there aremany configurations (the antenna structures are not
changed), the method presented in this paper may be faster be-
cause in classical numerical methods, computation is performed
whenever the arrangement of antennas changes, while in the
proposed method, the antenna scattering matrix is calculated
only once. (In the case of the example in which the Z-param-
eter is calculated in Section VI, the proposed method is faster
when the number of configurations is greater than 2.)
Using the theory developed in this paper, we can determine

the behavior of wireless power transfer solely from the param-
eters of an isolated antenna. For canonical-minimum-scattering
antennas, we require only the modal transmitting pattern and the
reflection coefficient to determine the behavior of the wireless
power transfer. In addition, we can identify which parameters
affect the efficiency of the wireless power transfer and find pa-
rameter values that make the wireless power transfer efficient.
For example, we are able to find the radiation pattern that is effi-
cient for wireless power transfer. Therefore, the theory proposed
in this paper may be helpful in the design of efficient antennas
for wireless power transfer.

APPENDIX A

Spherical Modes: Electric fields and magnetic fields in a
source-free region can be expressed as a linear combination of
spherical modes, as follows:

(31a)

(31b)

where is the intrinsic impedance, is the wavenumber, and
is the position vector. The mode functions used in this paper are
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Fig. 7. Electric and magnetic fields for configuration 1. (a) Magnitude of component of E-field. (b) Phase of component of E-field. (c) Magnitude of com-
ponent of H-field. (d) Phase of component of H-field.

based on the mode functions used in [7]. and are
given by the following equations:

(32a)

(32b)

where is defined as 1 when , and
represents spherical coordinates. Here, is the associated
Legendre function; the sign of the associated Legendre function
used in this paper is the same as that used in [13] and [14] but is
different from that used in [7] and [15]. In , de-
notes the spherical Bessel function, denotes the spherical
Neumann function, denotes the spherical Hankel func-
tion of the first kind, and denotes the spherical Hankel
function of the second kind. In this study, the time depen-
dence is used. Therefore, indicates incoming spherical
modes, and indicates outgoing spherical modes. and

are the coefficients of the modes, and and
are the coefficients of the modes. The coefficients of the
outgoing spherical modes are determined using the following
equation [7, p. 333]:

(33a)

(33b)

where is the electric current density, is the magnetic current
density, and is a region that contains all sources.
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Fig. 8. Electric and magnetic fields for configuration 2. (a) Magnitude of component of E-field. (b) Phase of component of E-field. (c) Magnitude of com-
ponent of H-field. (d) Phase of component of H-field.

APPENDIX B

Addition Theorem for Translation of Coordinates: An addi-
tion theorem expressesmode functions in one coordinate system
in terms of mode functions in another coordinate system. Co-
ordinate system 2 is translated from coordinate system 1 by ,
as shown in Fig. 1. and are position vectors with respect
to coordinate system 1 and coordinate system 2, respectively.
The mode functions in coordinate system 1 and the mode func-
tions in coordinate system 2 are related through the following
equation:

(34a)

(34b)

for and

(35a)

(35b)

for , where

(36a)
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(36b)

Here, is defined as 1 when ,

and is the Wigner 3-j symbol [16].

APPENDIX C

Addition Theorem for Rotation of Coordinates: Coordinate
system 3 is rotated from coordinate system 2 (Fig. 1). The rota-
tion of the coordinate system is expressed in terms of the Euler
angles [7, App. A2]. Let be the position vector
with respect to coordinate system 3. The relation between the
mode functions in coordinate system 2 and the mode functions
in coordinate system 3 is expressed as follows:

(37a)

(37b)

where

(38)

with defined as in [7, p. 345].
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