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Figure 1

Geometry of spherical of N-layered medium

recurrence matrix equations by imposing boundary conditions at
all interfaces. In this article, starting from the DGF formulated by
Chew [3], which is based on the reﬂections and transmissions of
the scalar waves characterized by Debye potentials, a simple and
direct way of deriving the coefﬁcients of the scattering DGF when
expressed in terms of spherical VWFs is presented. The timedependent exp 共⫺it兲 is assumed for the ﬁeld quantities throughout the paper.
2. GENERAL EXPRESSION OF DGF

The spherical concentric N-layered medium under consideration is
shown in Figure 1. The complex permittivity and permeability of
ith layer are described by i and i , respectively. The DGF of
electric type for a spherically layered medium is given in Ref. 3
(Eq. 7.4.32).

冘
⬁

G 共ij兲
e 共r, r⬘兲 ⫽ ikj

n⫽0

1. INTRODUCTION

The dyadic Green’s function (DGF) has been an interesting topic
in electromagnetic theory. Although most problems can be solved
without the use of DGFs, the symbolic simplicity with which they
could be used to express relationships makes the formulations of
many problems simpler and more compact. The DGFs for simple
spherical geometries were introduced earlier [1], and a general
expression of DGF for a spherically arbitrary layered medium was
constructed [2]. In both works, the DGFs in terms of the spherical
vector wave functions (VWFs) were ﬁrst expressed in each layer
using the method of scattering superposition, and then the unknown coefﬁcients within them were solved based on the coupling

1
关m 共r, r⬘兲 ⫹ nn 共r, r⬘兲兴
n共n ⫹ 1兲 n

共r ⫽ r⬘兲

(1)

where kj ⫽ k0 冑j j , and it is assumed that the source point r⬘ is
in the layer j and the ﬁeld point r is in the layer i (i, j ⫽ 1, 2,. . . ,
N). mn and nn in Eq. (1) are the quantities that are proportional to
the Debye potentials and deﬁned by [3]:
m n 共r, r⬘兲 ⫽ 共ⵜ ⫻ r兲共ⵜ⬘ ⫻ r⬘兲 FnTE共r, r⬘兲 An 共,;⬘,⬘兲
n n 共r, r⬘兲 ⫽

冉

冊冉

ⵜ⫻ⵜ⫻r
⫺ ii

(2)

冊

ⵜ⬘ ⫻ ⵜ⬘ ⫻ r⬘ TM
Fn 共r, r⬘兲 An 共,;⬘,⬘兲
ij
(3)

where

冦

关h n共1兲共k jr兲 ⫹ j n共k jr兲R̃ j, j⫹1兴M̃ j关 j n共k jr⬘兲 ⫹ h n共1兲共k jr⬘兲R̃ j, j⫺1兴
关 j n共k jr兲 ⫹ h n共1兲共k jr兲R̃ j, j⫺1兴M̃ j关h n共1兲共k jr⬘兲 ⫹ j n共k jr⬘兲R̃ j, j⫹1兴
F n共r, r⬘兲 ⫽
关h n共1兲共k ir兲 ⫹ j n共k ir兲R̃ i,i⫹1兴M̃ iT̃ jiM̃ j关 j n共k jr⬘兲 ⫹ h n共1兲共k jr⬘兲R̃ j, j⫺1兴,
关 j n共k ir兲 ⫹ h n共1兲共k ir兲R̃ i,i⫺1兴M̃ iT̃ jiM̃ j关h n共1兲共k jr⬘兲 ⫹ j n共k jr⬘兲R̃ j, j⫹1兴,
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共r ⬎ r⬘兲, i ⫽ j
共r ⬍ r⬘兲, i ⫽ j
i⬎j
i⬍j
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(4)

冘
n

A n共  ,  ;  ⬘,  ⬘兲 ⫽

Y nm共  ,  兲Y n,⫺m共  ⬘,  ⬘兲

(5)

m⫽⫺n

TABLE 1 Coefﬁcients of the Scattering DGF Assuming That
the Source Point is in Region j and the Field Point is in
Region i
i⫽j

R̃, T̃, and M̃j ⫽ 共1 ⫺ R̃j, j⫹1 R̃j, j⫺1 兲⫺1 in Eq. (4) are generalized
reﬂection/transmission coefﬁcients for either TE or TM waves and
a factor accounting for multiple reﬂections in the layer j, respectively, and Ynm in Eq. (5) is a spherical harmonic function [3].
Using that M̃j ⫽ 1 ⫹ 共M̃j ⫺ 1兲 ⫽ 1 ⫹ R̃j, j⫹1 R̃j, j⫺1 M̃j , Fn can
be separated into two terms, an unbounded (direct) term a scattering one:

i⬎j

i⬍j

An

R̃j,j⫺1 M̃j R̃j,j⫹1

M̃i T̃ji M̃j

R̃i,i⫺1 M̃i T̃ji M̃j R̃j,j⫹1

Bn

M̃j R̃j,j⫺1

M̃i T̃ji M̃j R̃j,j⫺1

R̃i,i⫺1 M̃i T̃ji M̃j

Cn

M̃j R̃j,j⫹1

R̃i,i⫹1 M̃i T̃ji M̃j

M̃i T̃ji M̃j R̃j,j⫹1

Dn

R̃j,j⫹1 M̃j R̃j,j⫺1

R̃i,i⫹1 M̃i T̃ji M̃j R̃j,j⫺1

M̃i T̃ji M̃j

3. COEFFICIENTS OF SCATTERING DGF

F n共r, r⬘兲 ⫽ F nd共r, r⬘兲 ␦ ij ⫹ F ns共r, r⬘兲

(6)

where ␦ij is the Kronecker delta function and

再

F nd共r, r⬘兲 ⫽

h n共1兲共k jr兲 j n共k jr⬘兲,
j n共k jr兲h n共1兲共k jr⬘兲,

r ⬎ r⬘
r ⬍ r⬘

(7)

F ns共r, r⬘兲 ⫽ A nh n共1兲共k ir兲 j n共k jr⬘兲 ⫹ B nh n共1兲共k ir兲h n共1兲共k jr⬘兲
⫹ C nj n共k ir兲 j n共k jr⬘兲 ⫹ D nj n共k ir兲h n共1兲共k jr⬘兲

(8)

An to Dn in Eq. (8) are the coefﬁcients of the scattering DGF for
either TE and TM waves and can be expressed in terms of R̃, T̃,
and M̃, which will be explained later in detail. By substituting (2)
and (3) back into (1), after some manipulations, Ge 共ij兲 共r, r⬘兲 also
can be separated into two terms and constructed in terms of the
spherical VWFs, M and N [1]:
共ij兲
G 共ij兲
e 共r, r⬘兲 ⫽ Ge0 共r, r⬘兲␦ij ⫹ Ges 共r, r⬘兲
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ikj
4
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n

再

n⫽1 m⫽0

(9)
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The dyadic Green’s function has been newly constructed in
terms of the spherical vector wave functions based on the
reﬂections and transmissions of the scalar waves characterized
by Debye potentials. The coefﬁcients of the scattering dyadic
Green’s function also have been derived in this process, which
is compact, intuitively derivable and suitable to elucidate the
physics better.
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Since the unbounded DGF G e0共r, r⬘兲 is usually evaluated analytically from the spatial representation G e0共r, r⬘兲 ⫽ 共I
⫹ ⵜⵜ/k 2兲 G 0共r, r⬘兲, where G 0共r, r⬘兲 is the scalar Green’s
function, only the scattering DGF and its coefﬁcients are considered here. In deriving Eq. (8), four coefﬁcients can be
expressed as shown in Table 1, and these are easily calculated
using the single-interface reﬂection/transmission coefﬁcients.
Physically, the coefﬁcients A n and B n represent the outgoing
waves while C n and D n represent the standing waves in the ﬁeld
region i. In addition, A n and C n represent the waves whose
initial reﬂections or transmissions are occurred at the outer
interface while B n and D n represent the waves whose initial
reﬂections or transmissions are occurred at the inner interface
of the source region j.
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(11)

where KTM ⫽ 冑共j i 兲/共i j 兲 is a constant for TM modes and
Ge0 共r, r⬘兲 represents the contribution of the direct waves while
共ij兲
Ges
共r, r⬘兲 describes that of the multiple reﬂections and transmissions of waves in the presence of a layered medium.
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